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We have reexamined the holographic dark energy model by considering the spatial curvature. 
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crowave Anisotropy Probe (WMAP) data, we obtained the reasonable value of the spatial curvature 
of our universe. 
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I. INTRODUCTION 



The total entropy of matter inside a black hole cannot be greater than the Bekenstein- 
Hawking entropy, which is one quarter of the area of the event horizon of the black hole 
measured in Planck unit. In view of the example of black hole entropy, Bekenstein proposed 
a universal entropy bound S < 2ttER for a weak self-gravitating physical system with to- 
tal energy E and size R in 1981 Q]- Later 't Hooft and Susskind proposed an influential 
holographic principle, relating the maximum number of degrees of freedom in a volume to 



its boundary surface area|2|. The extension of the holographic principle to the cosmological 
setting was first addressed by Fischler and Susskind (FS) ^. Subsequently, various mod- 
ifications of the FS version of the holographic principle was proposed ^. The idea of the 
lolographic principle is viewed as a real conceptual change in our thinking about gravity 
^. It has appeared many examples of applying the holographic principle to study cosmol- 
ogy, such as understanding the possible value of the cosmological constant , selecting 



physically acceptable model in inhomogeneous cosmology [S| and discussing upper limits on 

the number of e-foldings in inflation 9|. It is of great interest to generalize the application 

of holography to a much broader class of situations, especially to cosmology. 

The type la supernova (SN la) observations suggest that the Universe is dominated 

by dark energy with negative pressure which provides the dynamical mechanism of the 

accelerating expansion of the Universe ^ Q|. The simplest candidate of dark energy is 

the cosmological constant. However the unusual small value of the cosmological constant 

is a big challenge to theoretical physicists. Whether holography can shed us some light 

in understanding the profound puzzle posed by the dark energy is a question we want to 

ask. Motivated by the assumption that for any state in the Hilbert space with energy E, 

the corresponding Schwarzschild radius Rs ^ E is less than the infrared (IR) cutoff L Q], 

a relationship between the ultraviolet (UV) cutoff and the infrared cutoff is derived, i.e., 

SnGL^po/'i ^ We can express the holographic dark energy density as 

_ 3c' 

where c is the speed of light and d is a constant of the order of unity. This UV-IR relationship 
was also obtained by Padmanabhan by arguing that the cosmological constant is due to the 
vacuum fluctuation of energy density. Hsu found that the holographic dark energy model 
based on the Hubble scale as the IR cutoff won't give an accelerating universe 



i nerg y model 
H InQ, 



Li showed that choosing the particle horizon as the IR cutoff, an accelerating universe will 
not be produced either. However, by relating the IR cutoff to an event horizon, it was 
: bund that the holographic dark energy model can accommodate the accelerating universe 
13,^1- The model in the ffat universe was found in consistent with current observations 
15[. Here we would like to point out that the form ~ also works for dark energy 
model building. For example, the model po = Pa + Sc^cPH"^/ (SttG) with p\ a constant 
derived from the re-normalization group models of the cosmological constant can explain 

n 

the accelerating expansion of the Universe . Ito also discovered a viable holographic dark 



yv using the Hubble scale as the IR cutoff with the use of non-minimal coupling 



energy model 

to scalar field 17[. More recently, a dark energy model pz? ~ with an interaction between 
the dark energy and dark matter was proposed to explain the accelerating expansion jisl ]. 
The holographic dark energy model in the framework of Brans-Dicke theory was discussed 
in Some speculations about the deep reasons of the holographic dark energy were 

considered by several authors The holographic principle was also used to constrain 



dark energy models in 



2l|. In this paper, we reexamine the holographic dark energy model 



proposed in [13]. We give constraints on this model from both the theoretical argument 
and the observational data. Including the spatial curvature, we will find that the closed 



universe is marginally favored. This resu 



(CMB) Anisotropy experiments 



t agrees to the Cosmic Microwave Background 



24| and recent supernova investigations 



II. HOLOGRAPHIC DARK ENERGY MODEL WITH CURVATURE 



We start from the homogeneous and isotropic Friedmann-Robertson- Walker (FRW) 
space-time metric 



c^dr + a\t) 



dr 



+ dVt 



(2) 



1 — fcr^ 

If a light is emitted from a point ri at time ti, it will arrive at the origin at time to- The 
light follows the null geodesies, so we have 

cdt _ n dr 

Jt^ W)~ Jo TT^k^ 



(3) 
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where 



\k\ 



sin "'"(A/I^ri)/^/!^, A; = 1, 
ri, A; = 0, 

sinh^"'"(Ay^|A!|ri)/Ay^|A!|, k = —\. 

With both an ordinary pressureless dust matter and the holographic dark energy as sources, 
the Friedmann equations are 

H^ + — = -^{Pm + Pr + Pd), (4) 

PD + 3if(pB+PD) = 0, (5) 



where the Hubble parameter H = a/a, the matter density pm = Pmoi^/o,)^, the radiation 
density pr = Pro{l/ci)^, the dot means derivative with respect to time and the subscript 
means the value of the variable at present time and ao = 1 is set. 

Now as done in p^] we choose the event horizon as the IR cutoff, where 

/"°° cdt cda r df 



a{t)smn[^\k\Reh{t)/a{t)] 

L = a{t)r = T= . (7) 

\k\ 



Apparently, we recover L = R^h for a spatially fiat universe. 
Let us rewrite Eq. ^ as 

+ nr + nD = i + ^k, (8) 

where = pm/pcr = ^moH^/{H^a^), = pr/pcr = ^roH^/{H^a'^), = d^c^/{L^H'^) 
and Qk = kc^ia^H^) = QkoH^ / {a^ H"^) . Since 

where 7 = Qko/Qmo, and 

where /3 = firo/^mo = l/(l + -2eg) and the matter radiation equality redshift Zeq = 3233 |27l |. 
we have 

_ VtmpHl _ a{l - VLp) 
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From the above equation, we get 



1-n 



D 



aH Ho y fi.mo(/3 + a - 0^7) ' 
Combining Eqs. ((Tj) and (jTU)) and using the definition of Qn, we obtain 



(10) 



d\/b 



D) 



- sinn-i(rfvW7^) 



(11) 



If fifc > 0, then we require d < ^/^lf^J^■ 

By using Eqs. (jT}, (jSI)-© and (fTT|) . we get the dark energy equation of state 

IdlnpD 



Wd 



3 (ilna 



1 + - V r2£)Cosn(A/|fc| Reh/a) 



d 



(12) 



where 



cosn 



cos(xj, 
1, 

cosh(a;), 



= 1, 
A; = 0, 
= -1. 



It is obvious that < —1/3, so we can have an accelerating universe. 

Taking derivative with respect to a on both sides of Eq. (Illj) and use the redshift 
z = 1/a — 1 as the variable, we get the following differential equation by using Eqs. (jHI) and 



m 



dVt 



D 



noil - ^d)[1 + 2/3(1 + z)] 



dz 



(13) 



/?(1 + Z)2 + 1 + Z - 7 

With this expression, we can understand the evolution behavior of the dark energy. 

Now let us find the constraints on the parameter d in the holographic dark energy model. 
The entropy of the whole system is described by S' = ttM^L^. To satisfy the second law of 
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thermodynamics, we require that 

L = LH — ccosn[^/\k\ Rehit)/a(t)] 




> 0, ' (14) 



Thus 



For the spatially flat universe, we recover d"^ > On- When the dark energy dominates, 
c/^ > 1, which is the lower bound of d proposed in (l4l |. 

In addition to the lower bound on d, employing the argument that the total energy in 
a region of size L should not exceed the mass of a black hole of the same size, we have the 
upper bound d < 1. Alternatively d < 1 can be argued by using the condition Rg < L. For 
a dark energy dominated universe, we have 

2GM ^ /47r o\ 
Rs = ^ = 2Gpn i^—,L'j < L, (16) 

so 



Comparing Eqs. and (|T7jl . we get d < 1. Thus we find that d must lie in the range 

<d<l. (18) 



As the dark energy gradually dominates the universe, fi/j ^ 1, the allowed range of d will 
become smaller. It is also interesting to note that the Bekenstein entropy bound 

27CEL Sn^cppL'' vrc^L^ 
S < < - 5bh. (19) 

Therefore, the maximum entropy is the Bekenstein-Hawking entropy S'bh- 

Applying the constraint Eq. (fTHj) to Eq. (fT^ . we find that wc > —1. Therefore, the 
holographic dark energy has no phantom-like behavior. 
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III. PHENOMENOLOGICAL CONSEQUENCES 

Now we use the 157 gold sample SN la data compiled in j^] to fit the model. The 
parameters ci, Q^o and Q^o in the model are determined by minimizing 

i 

where the extinction-corrected distance modulus fi{z) = 5 logio(rfL(-2)/Mpc) + 25, the lumi- 
nosity distance is 

dL = {l + z)r{z) 
c(l + z) 



Ho\/\^ko\ 
c(l + z) 



smn{,/\k\[{l + z)R,h{z)-Rehm) 



smn 



fcol 



—smn ' ' 



n 



DO 




'^^.[/?(l + .)^ + l + .-7] 



(21) 



(Tj is the total uncertainty in the observation. The nuisance parameter Hq is marginalized 
over with a flat prior assumption. Since Hq appears linearly as the form of 5 logj^o 
in x^, the marginalization by integrating C = exp(— over all possible values of Hq 
is equivalent to finding the value of Hq which minimizes if ^6 also include the suitable 
integration constant. Therefore we marginalize Hq by minimizing x'^ = 2 In(lO) y/5 — 

2 ln[ln(10)A/(27r/ l/af)/5] over y, where y = 5\ogiQHo. We also assume a prior fi^o = 
0.3 ±0.1. The parameter space for Qmo is [0, 1], the parameter space for Qko is [—1, 1] and 
the parameter space for d is coming from the constraint Eq. (fTK|) . The best fit parameters 
are fi^o = 0.35+o:io, ^ko = 0.35:^o:38 and d = 1.0_o.i7 with = 173.35. Note that d has 
reached the upper bound 1, so there is no positive error for d. The error is referred to la error 
throughout this paper. For the fiat universe, the best fit parameters are ilmo = 0.30tQ;og 
and d = 0.84+°;J^ with = 176.33. For comparison, the best fit to the fiat ACDM model 
gives = 176.51. Therefore using the holographic dark energy model from the supernova 
data fitting, the closed universe is marginally favored compared to the fiat case. 

To further constrain the model, we combine the SN la data with the WMAP data. The 
main effect of changing the values of Qmo and Qko on the CMB anisotropy can be found 
from the shift parameter TZ with which the /-space positions of the acoustic peaks in the 



angular power spectrum shift |28l |. 



n 



^JVlrnQHQr{zis)/c 
1 



smn 



-smn 



-1 



DO 



+sinn 



1.710 ±0.137, 




d2|7|(l-fi^) 



(22) 



where zis = 1089 ± 1 j27[. Therefore we use the above shift parameter along with the SN la 
data to fit the model. The best fit parameters are ilmo = 0.291o;q8, ^Iko = 0.02 ± 0.10 and 
d = 0.84^003 with = 176.12. It is interesting to note that this best fitting result presents 
us the same curvature of the universe as that from the WMAP observation. This result 
suggests that the WMAP data prefers an almost spatially fiat universe while the SN la data 
gives a closed universe. By using the best fit parameters, we plot the evolutions of Qd, 
and flk in Fig. [TJ From Fig. [H we see that flo — ^ 1, — ^ and Qk ^ + = 0. 



a 0.4 



0.2 0.3 0.4 0.5 0.6 0.7 0.8 

Redshift z 



FIG. 1: The evolution of $7^ and 0,^ by using the best fit parameters $7^0 = 0.29, ^l^o = 0.02 
and d = 0.84. 



Combining Eqs. (fT3|l and (fT2|l . we get the evolution of wd- The result is plotted in Fig. |2l 
From Fig. |2l we see that as expected the holographic dark energy does not have phantom 
like behavior. 
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Redshift z 



FIG. 2: The evolution of by using the best fit parameters ^ImO = 0.29, ^Iko = 0.02 and d = 0.84. 



Using Eqs. Q and 0, we get the acceleration equation 

AtcG 



a 
a 



3 



-{Pm + PD + ^Pd) 



-[nra + il + SWD)^D] 



(23) 



It is clear that the sign of Qm + (1 + 3wd)^d determines the sign of d. Combining the 
behaviors of Qd, Qm and wd, we plot the evolution of + (1 + 3wd)Qd = — 2d/(aif^) 
which shows the behavior of acceleration in Fig. El From Fig. El we see that the universe 




-1.2' 1 1 1 1 1 1 1 1 ' 1 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

Redshift z 

FIG. 3: The evolution of —2a/{aH'^) by using the best fit parameters Q.mO = 0.29, Jl^o = 0.02 and 
d = 0.84. 

experienced the transition from deceleration to acceleration around Zt = 0.6. By fixing Q^q 
at its best fit value ^2^0 = 0.02, we give the contour plot for fi^o and d in Fig. HI For 
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the spatially flat holographic model, the best fit parameters are Qmo = 0.28 ± 0.05 and 
d = 0. 85^*^003 with = 176.18. Again, for comparison, the best fit parameter of the flat 
ACDM model is n^o = O-^ltom with = 176.61. Thus combining with the WMAP data, 
the closed universe still cannot be ruled out. 
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FIG. 4: The la, 2a and 3a contour plots for 17^0 and d by using fi^g = 0.02. The contours are 
those regions intersecting with the two black lines due to the constraint Eq. H18|l . 



IV. CONCLUSIONS 

In conclusion, we have reexamined the holographic dark energy model and given a 
constraint on its parameter. By comparing to observations, we found that the holographic 
model is an effective model in describing dark energy. A spatially closed universe is favored 
by using the SN la data alone. Combining with the WMAP data, the best fitting result gives 
us a reasonable value of the curvature of our universe and the closed universe cannot be ruled 
out. Statistically the closed universe plays the same role as the fiat universe in comparing 
with observations. By investigating the evolution of the dark energy, we observed that the 
transition of our universe from the deceleration to the acceleration happens at Zt = 0.6. In 
Ref. one of us discussed the spatially fiat holographic dark energy model and found 

that flmo = 0.46 and d = 0.20, the model behaved like phantom. In this paper, we used 
the arguments of the second law of thermodynamics and the holographic principle to get 
the lower and upper bounds on the parameter d. Due to the constraint Eq. ()18p. the 
holographic model discussed in this paper has no phantom-like behavior. Furthermore, we 
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get a lower value of Qmo which is more consistent with other observations on the value of 
the non-relativistic matter energy density. 

Comparing with Ref . Q] , we have included the curvature of the universe in our discus- 
sion. The SN la data alone favors the closed universe with a bit bigger Q^, while combining 
with the WMAP data, decreases to a value around 0.02. This discussion is not trivial. 
Although our result is consistent with the viewpoint that our universe is approximately flat, 
the small curvature of the universe is still interesting since it may contribute to the small I 



suppress of the CMB spectrum 



24|. 
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